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Optimal free descriptions of many-body theories
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Interacting bosons or fermions give rise to some of the most fascinating phases of matter,
including high-temperature superconductivity, the fractional quantum Hall effect, quantum
spin liquids and Mott insulators. Although these systems are promising for technological
applications, they also present conceptual challenges, as they require approaches beyond
mean-ﬁeld and perturbation theory. Here we develop a general framework for identifying the
free theory that is closest to a given interacting model in terms of their ground-state
correlations. Moreover, we quantify the distance between them using the entanglement
spectrum. When this interaction distance is small, the optimal free theory provides an
effective description of the low-energy physics of the interacting model. Our construction of
the optimal free model is non-perturbative in nature; thus, it offers a theoretical framework
for investigating strongly correlated systems.
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M
any-body physics of non-interacting systems reduces
to the description of a single particle and thus is
well understood. In contrast, the understanding of
interacting systems remains one of the major open problems
of both condensed matter and high-energy physics. Complete
analytical solutions are possible in the so-called integrable
systems1, which are not robust to perturbations. More
generally, one relies on mean-ﬁeld approaches, density
functional theory or perturbation theory to expand around
known solvable instances. Such methods can be employed when
correlations are weak or interactions induce small corrections to
the original state. Many interesting phenomena, however,
have non-perturbative origin, such as superconductivity or the
fractional quantum Hall effect. Although important insights
about such systems have been obtained using variational
ansa¨tze2–5, this approach requires non-trivial physical intuition
about the nature of the emerging free quasiparticles. A question
of paramount importance arises: is it possible to directly
identify the free effective model that is most similar to a given
interacting one?
Here we introduce the concept of the interaction distance, DF ,
which quantiﬁes the effect of interactions on the ground state of a
many-body system. At the same time, we identify the optimal free
theory closest to the given interacting model. Our approach
employs quantum information inspired techniques to study the
correlations of a system witnessed in its entanglement spectrum
and to build a general diagnostic tool of interactions. Typically,
we ﬁnd DF to be small when mean-ﬁeld theory is applicable,
whereas non-trivial behaviour emerges near critical regions.
Using the example of the quantum Ising model, we demonstrate
that the interaction distance can be calculated efﬁciently. We
envision that ﬁnding the optimal free description of interacting
systems can help formulate suitable variational ansa¨tze in a
variety of areas, ranging from condensed matter to high energy
physics. Alternatively, it could be used to develop efﬁcient
numerical simulations of interacting systems that scale favourably
with the system size.
Results
Overview. The interaction distance DF , introduced below,
quantiﬁes the distance between the reduced density matrix of a
many-body state and the closest free-particle reduced density
matrix. We demonstrate that DF can be calculated efﬁciently
from the entanglement spectrum6 and when this distance is small
DF  1ð Þ leads to the optimal free model that best describes the
low-energy properties of the interacting system. Near critical
regions, DF behaves non-trivially and its ﬁnite-size scaling can be
related to the properties of the model under renormalization
group ﬂow. As an example, we apply our method to the
one-dimensional (1D) quantum Ising model in the presence
of transverse and longitudinal ﬁelds. We demonstrate that
this model has DFE0 across the whole phase diagram and
we identify its optimal free description. Finally, we present
a particular model with non-zero interaction distance in the
thermodynamic limit, thus demonstrating its intrinsic interacting
nature.
Interaction distance and optimal free model. Consider an
arbitrary many-body system prepared in its ground state, Cj i. For
simplicity, here we consider fermionic systems deﬁned on a
lattice, although our approach can be generalized to other
systems, as we discuss below. Partitioning the system in two
regions, A and its complement B, deﬁnes the reduced density
matrix r¼ trB Cj i Ch j. The entanglement Hamiltonian HE¼  ln r
has eigenvalues {E}, known as the entanglement spectrum6. The
entanglement spectrum captures the correlations in the ground
state. Moreover, the universal properties of the actual
Hamiltonian of the interacting system are reﬂected in HE6–9.
For this reason, we diagnose the effect of interactions and identify
the optimal free model exclusively through ground-state
correlations.
We introduce the interaction distance between the interacting
r and the free s reduced density matrices
DF ðrÞ ¼min
s2F
Dðr; sÞ; ð1Þ
where Dðr; sÞ¼ 12 tr
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr sÞ2
q
is the trace distance and F is the
manifold of all free fermion states. It is worth noting that unlike
previous works10–16, the manifold F contains all Gaussian
states in any set of fermionic quasiparticle operators {c}.
The trace distance has a physical interpretation in terms
of distinguishability between r and s when measuring
observables17. Alternative state-distance measures can equally
well be employed18. The quantity DF has a geometric
interpretation as the distance of the density matrix r from F .
To compute DF , we need to perform the minimization in
equation (1). We can show that this problem can be reduced to
varying only the spectrum of s. Consider the basis where r is
diagonal and its entanglement spectrum {E} is available. A general
sAF need not be diagonal in the same basis as r. However, the
trace distance between r and s is minimized when s commutes
with r, that is, it is simultaneously diagonal with r and their
eigenvalue spectra are rank ordered19. Indeed, if there existed a s
which minimized DF but did not commute with r, then that
minimum would not be a global one. As a consequence, the
eigenstates of the optimal model s are the same as the eigenstates
of r. Thus, the minimization for obtaining DF now involves a
variation with respect to the eigenvalues of s that can be given in
terms of its entanglement spectrum.
Having to minimize only with respect to the spectrum of s is a
signiﬁcant simpliﬁcation of the optimization problem. A further
exponential simpliﬁcation is possible if we consider the structure
of its entanglement spectrum. Consider N single-particle
entanglement energies {E} with allowed occupations {ni, i¼ 1,y,
N; ni¼ 0, 1} corresponding to the independent modes {c} obeying
Fermi-Dirac statistics. The full entanglement spectrum {Ef} of s
contains exponentially many levels, 2N, as a function of subsystem
size N. However, a special property of free systems is that due to
Wick’s theorem their entanglement spectrum can be built from a set
of single-particle entanglement energies Ei according to20
Efk Ef gð Þ¼E0þ
XN
i¼1
niðkÞ Ei; ð2Þ
where E0 is a normalization constant. The index k runs over the
many-body spectrum, and for each k there are associated
occupations ni(k)A{0,1}. Hence, the interaction distance,
DF , can be cast as a minimization with respect to the N-many
single-particle energies
DF ðrÞ¼min
Ef g
1
2
X
k
eEk  eEfk Ef gð Þ

: ð3Þ
As N increases at most linearly with system size, expression (3)
provides the means to efﬁciently compute the interaction distance
and obtain the optimal free model of any state of an interacting
theory whenever its entanglement spectrum {E} is accessible.
According to (3) the interaction distance is zero when the
entanglement spectrum of r satisﬁes the combinatorial structure
given in (2) for certain single-particle energies, {E}. This
generalizes our concept of free models. In general, no E’s exist
that satisfy all these constraints as their number grows
exponentially with the system size, while the number of E’s grows
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only linearly. Owing to the properties of the trace distance18
we have that the interaction distance takes values DFA[0,1].
The condition DF ¼ 0 corresponds to a system that can be
exactly described by the free fermions {c}, while DF ¼ 1 is the
maximal distance a state can be from a free description.
When DF is approximately zero, then the deviation in
expectation values or correlation functions between r and the
approximation s is bounded. In particular, the interaction
distance is sensitive only to deviations in the low lying
entanglement spectrum, which dominate the expectation values
of physical observables.
At this point we might wonder what signiﬁcance the
bipartition holds in deﬁnition (1) of the interaction distance.
From a quantum information point of view, the partial trace
serves as a quantum channel through which we view the ground
state. This channel is Gaussian if it maps a Gaussian state to
another Gaussian state21. The combinatorial structure of (2)
describes the eigenvalue spectrum of any Gaussian density
matrix. In matching the spectrum we are testing compatibility
between canonical operators in which the original state is a
Gaussian state and the quantum channel is Gaussian, and our
ability to describe the state in terms of modes separable to A and B.
If there exist such modes then DF is zero.
A useful insight in the form of the modes {c} is given by a
constructive derivation of (3) from (1) . The canonical algebra of
{c} is invariant under arbitrary unitary transformations on s.
Hence, these transformations keep s in F and F contains all of
its unitary orbits. Optimizing for the minimum DF involves the
following steps. First, F is decomposed into equivalence classes
which are the mentioned unitary orbits. Within each class, the
trace distance is minimized by a certain representative s with
which r commutes19. Then, DF is obtained by taking the
minimum over representatives of each class. As within these
unitary orbits the trace distance is minimized when s and r are
simultaneously diagonal, the free modes {c} are given as Schmidt
vectors corresponding to the single-particle entanglement levels
{E} for which we have optimized. Note that the unitarily
transformed modes are, in general, a nonlinear combination of
the original modes, though they still describe a free model. From
the optimal state s, we can identify an effective free physical
Hamiltonian in terms of the emergent quasiparticles {c} and we
refer to this as the optimal free model. It can be found via a non-
unique procedure22,23 which utilizes the two-point correlations
of {c} with respect to s.
General optimal free description. To determine the value of DF
we have chosen in (2) the statistics of the free quasiparticles to be
fermionic. Generalizing further, we could allow for an optimal
free description with respect to other quasiparticle statistics than
the constituent fermions of the original interacting system.
However, systems that comprize quasiparticles with different
mutual statistics have in general Hilbert spaces of unequal
dimension. This can be directly resolved in the following way.
The entanglement spectrum of a pure state cj i can be found from
the Schmidt decomposition, cj iDVASVyB , where the state has
been reinterpreted as a map between the Hilbert spaces of the A
and B parts. The isometries VA and VB map from A to B through
an intermediate space HE, the entanglement Hilbert space on
which the matrix of singular values S and the related entangle-
ment Hamiltonian, HE, are deﬁned. One can increase the
dimension of HE by the addition of zero singular values to S and
the addition of linearly independent columns to VA and VB so
that they remain full-rank, without changing the correlations in
cj i. If the dimension of HE is made to exceed the Hilbert space
dimension of either subsystem then the isometries serve as
projectors removing non-physical states with high entanglement
energy. This fact allows us to compare interacting systems with
optimal free models that may have different Hilbert space
dimension.
Efﬁciency of computing DF . In the following we shall
demonstrate with two examples that the interaction distance,
DF , is a versatile quantity that can be evaluated numerically or
analytically. Importantly, the calculation of DF requires only the
knowledge of the ground state; thus, it is more efﬁcient than other
possible measures, for example, based on directly comparing the
structure of actual energy spectra.
When r is the reduced density matrix of a gapped 1D system,
then DF can be numerically determined efﬁciently with L,
the linear size of the system. Gapped 1D states have area-law
entanglement24, which bounds the number of signiﬁcant levels in
the entanglement spectrum in the thermodynamic limit. Below
we use the well-known density matrix renormalization group
algorithm (DMRG)25 to efﬁciently obtain ground states of ﬁnite
1D systems. Moreover, in this case the low lying {E} in (2), and as
a consequence the state s, will converge exponentially fast with L.
Thus, the minimization procedure in (3) is also efﬁcient (see
Methods), as it need only involve a ﬁnite number of signiﬁcant
levels determined by the correlation length, even in the
thermodynamic limit.
For critical 1D systems, logarithmic corrections to the area law
are possible, which leads to the polynomial complexity in
determining r. For critical 1D states, a multi-scale renormaliza-
tion ansatz26 can be implemented to obtain the entanglement
spectrum. If the system is gapless, the number of signiﬁcant
entanglement levels will increase but only polynomially with
system size L; hence, the optimization procedure for determining
the single-particle energies E remains efﬁcient.
Finally, in higher-dimensional systems, our method is reliant
on the efﬁciency of the current methods in the literature for
computing the entanglement spectrum of the ground state. For
two-dimensional (2D) systems, one can use iterative methods
such as the Lanczos algorithm to access only the ground state in
the exact diagonalization framework. Furthermore, Monte-Carlo
algorithms27 and 2D tensor networks28,29 can be used in a variety
of systems to variationally approximate the ground state. Then
the typical runtime complexity of DF for an entanglement
spectrum from a disk partition is polynomial in the correlation
length and thus efﬁcient.
Finite-size scaling of DF . The quantity DF , through its
dependence on the entanglement spectrum, inherits the
information about both short- and long-wavelength properties of
the system. As pointed out by Li and Haldane6, the entanglement
spectrum of a gapped phase exhibits a generic separation
into the universal long-wavelength part and a non-universal
short-distance part, the two being separated by the entanglement
gap6. Assuming that the linear size of the system’s quasiparticles,
‘, is much smaller than the linear size of the partition A,
the long-wavelength information corresponds to correlated
quasiparticle excitations across the entanglement partition,
whereas the short-distance physics is associated with internal
structure of the quasiparticles. The non-universal part is thus a
boundary effect which is insensitive to variation in the subsystem
size. In the thermodynamic limit, the non-universal part is
exponentially suppressed in a gapped phase6, as seen from (3),
and DF then predominantly describes the universal properties of
the system.
At critical points where the quasiparticles remain well deﬁned,
that is, ‘ stays ﬁnite, a large but ﬁnite system of linear size L  ‘
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chops off some of the correlations between the quasiparticles.
We surmize that the ﬁnite-size scaling of DF near such critical
regions follows the ansatz
DF  L 1þ y
 z
f g gcð ÞL1=n
 
; ð4Þ
where f is an undetermined function, and z and n are the critical
exponents. The constant yZ0, which vanishes in the standard
power-law scaling ansatz30, accommodates the fact that the
interaction distance is bounded from above, DF 2 0; 1½ . A simple
scaling analysis (see Methods) shows that n is the correlation
length exponent, whereas z determines the effect of interactions
in the renormalization group sense. For example, when
interactions are relevant, DF should remain non-zero as L
increases, which dictates zr0. On the other hand, when
interactions are irrelevant, it is expected that DF decreases with
L near the critical regions, in which case z40. However, it is
noteworthy that it is possible for interactions to be irrelevant and
still yield ﬁnite DF in the thermodynamic limit. This is because,
DF may be sensitive to non-universal (short distance) properties
of the system, which can give a residual non-zero contribution
parametrized by y.
Application to Ising model. For concreteness we consider the
example of the 1D ferromagnetic (FM) and antiferromagnetic
(AFM) Ising model in both transverse, hz, and longitudinal,
hx, ﬁelds (see ref. 31 for a recent review). By using exact
diagonalization to determine the entanglement spectrum, we
compute DF across the phase diagram and examine its scaling
around criticality and its convergence in the thermodynamic
limit. Finally, we ﬁnd optimal free-fermion models for each point
(hz,hx) of the phase space.
The interacting Hamiltonians are given by
H¼
XL
j¼1
sxj sxjþ 1þ hzszj þ hxsxj
 
; ð5Þ
where Hþ stands for FM and H for AFM with periodic
boundary conditions. In the presence of only transverse ﬁeld
(hx¼ 0), model (5) maps to free fermions via the Jordan-Wigner
transformation. A non-zero longitudinal ﬁeld, hx, introduces
non-local interactions between fermions. A quantum critical
point at hz¼ 1 separates an ordered and a disordered phase of the
free system which are related by a self-duality32. The FM model
has a single critical point at (hz¼ 1, hx¼ 0), whereas the AFM
model has a critical line connecting (hz¼ 1, hx¼ 0) with the
classical point (hz¼ 0, hx¼ 2)33.
Minimizing the interaction distance over the phase diagram we
ﬁnd that DF decays with L away from critical regions as shown in
Fig. 1, with the variational parameters {E} converging
exponentially (see Methods). Thus, the model can be faithfully
described by a free theory in these regions of the phase diagram.
The exceptions only occur inﬁnitesimally close to the FM critical
point and at the AFM classical critical point. This is remarkable
because these models are non-integrable and a priori have strong
quantum ﬂuctuations due to all energy scales being comparable in
magnitude.
Strong correlations build up near criticality where the effect of
interactions is most signiﬁcant and DF can take higher values.
These regions, however, shrink around criticality as L increases.
To examine this we consider the ﬁnite-size scaling of DF using
ansatz (4) , as shown in Fig. 2, along the paths hz¼ 1 (FM) and
hx¼ hz (AFM) shown in Fig. 1. It is noteworthy that, despite
being near criticality, the values of DF remain small DF  1ð Þ
for both models; thus, we set y¼ 0 in the ansatz (4). We obtain
critical exponents zFME 1.4 and zAFME1.11, showing that
interactions have a dramatically different effect in the two models.
In the FM case the interactions are a singular perturbation to the
critical point, whereas in the AFM case their effect diminishes as
L increases. This behaviour is consistent with the shrinking of the
signiﬁcant high DF regions around criticality. Furthermore, the
critical exponent nFME0.533, is approximately equal to that of
the correlation length nxFM¼ 8/15 (ref. 34). Similarly, nAFME1.252
which is within 20% accuracy to the correlation length critical
exponent for the same cut nxAFME1.052, which we obtain
numerically. We account for the deviation in nAFM by small
system sizes and the fact that we are not perturbing with an
operator that has a well-deﬁned scaling dimension. The critical
scaling behaviour of DF is independently veriﬁed by employing
the variational DMRG method rather than exact diagonalization,
which can efﬁciently probe signiﬁcantly larger system sizes (see
Methods).
Finally, we are in position to identify the optimal free model
that describes the interacting system given by an instance of (5).
In particular, we identify the free Ising model H±(hfz ,0) with
transverse ﬁeld hfz , whose ground state’s entanglement spectrum
matches s’s obtained from (1) for each point (hz,hx). This is
simply obtained by minimizing D(s(hz,hx), sf(hfz ,0)) over h
f
z . As a
result we observe that in the FM case, adding inﬁnitesimal
interactions to the free Ising model with hzo1 maps the model to
a free Ising with hz41 in a discontinuous way, as shown in
Fig. 3a. When hz41, the introduction of interactions maps the
model to a neighbouring free model continuously. In the AFM
case, the interactions are irrelevant. Indeed, Fig. 3b shows that the
whole phase diagram maps trivially to the free model even very
near criticality.
The distance minhfzD(s,s
f) is shown by the colour scale in
Fig. 3. We see that away from criticality s can be mapped to the
free Ising model with a high ﬁdelity. In the thermodynamic limit
we expect the critical line of the AFM to also be identiﬁed with a
free Ising model, because minhfzD(s,s
f) decreases with L and the
conformal ﬁeld theory, which describes the point (hz¼ 1, hx¼ 0),
also governs the entire critical line31. This analysis reveals that the
optimal free model is local and fermionic throughout the phase
diagrams, except at the critical point of the FM model and the
classical critical point of the AFM model whose ground state is
macroscopically degenerate.
Maximally interacting model. In the above analysis, we found
for the Ising model that the interaction distance vanishes in the
thermodynamic limit in almost the entire phase diagram. For
that model we identiﬁed the optimal free fermion model that
2a b
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Figure 1 | Interaction distance across the phase diagram of the quantum
Ising model. (a) The FM and (b) the AFM model at system size L¼ 16 with
periodic boundary conditions. The interaction distance (log scale) takes
non-negligible values only in the vicinity of the critical point and critical line
which are sketched in red. The scaling behaviour of DF along the dashed
lines is given in Fig. 2.
ARTICLE NATURE COMMUNICATIONS | DOI: 10.1038/ncomms14926
4 NATURE COMMUNICATIONS | 8:14926 | DOI: 10.1038/ncomms14926 | www.nature.com/naturecommunications
effectively describes it throughout the phase space. We now
present a truly interacting model that cannot be approximated by
free fermions, that is, has a non-zero DF in the thermodynamic
limit, even away from criticality. In our analytical approach, we
ﬁrst construct the entanglement spectrum that gives a non-zero
DF with respect to free fermions. Then, we identify the physical
system and emergent quasiparticles that correspond to the
derived entanglement spectrum.
We consider the simple case where the entanglement
Hamiltonian comprises two fermionic modes. We aim to
maximize the interaction distance with respect to the entangle-
ment spectrum {Emax} which consists of four levels. We perform a
maximization of the interaction distance from free-fermion
entanglement spectra generated by two single-particle energies,
E1,E2. It can be analytically proven (see Supplementary Note 2) that
the maximum interaction distance in this case is
DF rmaxð Þ¼maxflg DF ðrÞ¼
1
6
; ð6Þ
where the maximization is performed with respect to the
eigenvalues {l} of r. The spectrum of the reduced state rmax that
maximizes DF ðrÞ is the maximally mixed rank-3 spectrum
{lmax}¼ {13, 13, 13, 0}, with entanglement spectrum {Emax}¼ {ln 3,
ln 3, ln 3,N}.
We would now like to ﬁnd the parent physical system which
exhibits such correlations in the ground state so that it saturates
the maximum of DF . As the entanglement spectrum {Emax} has a
three-fold degeneracy, it is natural to consider models which
support fractionalized excitations. In particular, a Z3 quantum
clock model effectively describes the edge physics of a 2D
topological phase35 and can in principle be realized in the
laboratory35–39. The Z3 Hamiltonian in the topological phase at
its renormalization ﬁxed point is
HZ3¼
X
j
tyj tjþ 1þ h:c:; ð7Þ
where tj are non-Hermitian clock operators which commute
between sites and can be represented locally as tj¼ diag(1, ei2p/3,
e i2p/3) satisfying t3j ¼ 1.
The ground state of (7) hosts topologically protected
parafermionic zero-modes exponentially localized on open
boundaries40. These correspond to three-fold degeneracy in the
entanglement spectrum {E}¼ {ln 3, ln 3, ln 3} from maximally
entangled pairs of parafermions across each virtual boundary.
We have seen in a previous section that we can increase the
dimension of the entanglement Hilbert space HE by introducing
completely uncorrelated states that correspond to inﬁnite
entanglement energy. Hence, the entanglement spectrum of the
Z3 model reproduces the aforementioned {Emax}. As a result
we have readily identiﬁed a truly interacting model that
gives DF rmaxð Þ¼1=6 with respect to free fermions in the
thermodynamic limit. Importantly, we have managed to
analytically identify the ground state of the corresponding
interacting model by considering only the structure of its
correlations.
Discussion
In this study we have identiﬁed, for a given interacting theory, the
optimal free state which is closest to its ground state and
introduced the interaction distance between them. Quantifying
interactions in such generic terms gives a fresh perspective into
the physics of interacting systems. Indeed, our approach extends
beyond mean-ﬁeld theory, which is valid for weak correlations
and spatial dimensions above the upper-critical dimension, or
perturbation theory which requires weak couplings. Optimizing
with respect to the correlations present in the ground state
captures faithfully the low energy physics of the interacting
system reproducing the observables with bounded error.
We have numerically determined the interaction distance for
the 1D Ising model in the presence of transverse and longitudinal
ﬁelds. We used both exact diagonalization as well as DMRG,
thus demonstrating the efﬁciency in determining DF for large
1D gapped systems using standard techniques. Further, our
diagnostic DF shows that the ground state of this interacting
model in its gapped phases is well described by a free state,
requiring exponentially less information to represent than the
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Figure 2 | Finite-size scaling of the interaction distance for the Ising model. DF for a number of systems sizes of (a) the FM model and (c) the AFM
model along the dashed lines given in Fig. 1. We obtain the critical exponents nFME0.533, zFME 1.4 and nAFME1.252, zAFME1.11 by ﬁtting to (4).
(b,d) show the scaling collapse of DF , where xL¼ (g gc)L1/n and yL¼DF Lz. This demonstrates the applicability of the scaling ansatz (4).
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model. (a) The FM model and (b) the AFM model both at system size
L¼ 16. Contours indicate the transverse-ﬁeld hfz, dashed lines for those in
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our calculations do not resolve all symmetries of the system.
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exact ground state. We expect that this could be generalized to an
efﬁcient algorithm for ﬁnding a representative (nearly) free state,
similar to the DMRG method which constructs a low Schmidt
rank approximation to gapped 1D ground states. Alternatively,
our method can be combined with analytical wave functions, as in
the case of the Bethe ansatz41 or the trial wave functions in the
quantum Hall effect5,42,43.
We have also veriﬁed that there exist quantum states for which
DFa0, such as the Z3 quantum clock model. Other possible
candidates are systems that give rise to exotic phases such as
high-Tc superconductors and states with intrinsic topological
order, where interactions play a crucial role. This could establish
DF as an interaction order parameter identifying truly interacting
systems, in terms of fermions or bosons, from nearly free ones
such as the Ising model. Furthermore, as we have shown for the
Ising Model and the Z3 model, it is possible to directly identify a
parent Hamiltonian for the optimal free state.
In introducing our interaction distance, we have generalized
the meaning of freedom in many-body quantum states by
choosing the mutual statistics of the free modes we are optimizing
over. Varying the statistics of the free modes used in our
optimization corresponds to changing the free manifold F
from which the interaction distance is measured. Our construc-
tion can be immediately generalized to soft-core bosons by
promoting the occupation m of each mode in equation (2) to a
variational parameter taking values 1rmoN. Taking this
further, the single-body levels themselves can become occupation
dependent. Such a modiﬁcation could accommodate fractiona-
lized excitations in strongly-correlated states44. Another
interesting generalization would be to introduce the notion of
entanglement temperature45, which shifts the sensitivity
of the measure to other parts of the entanglement spectrum,
reﬂecting entanglement on different length scales. Finally, we
mention that methods for measuring entanglement spectra in
optical lattices have recently been proposed46. Hence, the
interaction distance can be determined for exotic states realized
in cold atom systems.
Methods
Optimization. The optimization to ﬁnd s and DF in (3) is performed by a Monte
Carlo basin-hopping strategy47 using the Nelder–Mead simplex algorithm for local
minimization within basins of the cost function DF . This global strategy was
selected to counteract an observed tendency for local methods to get trapped in
local minima. The initial guess for this search is found as follows. The
normalization constant E0 is the lowest entanglement energy of the input
entanglement spectrum {E}. We iteratively construct an approximate set of
single-particle entanglement energies starting from an empty set. First, we take
the lowest remaining level in the spectrum and subtract E0 to produce a new
single-particle level Ek. Then we remove the many-body levels, which are closest
to the new combinatorial levels generated according to (2) by the additional
single-particle level. This process is repeated until the input spectrum is exhausted.
We can also introduce a truncation of the entanglement spectrum cutting off high
entanglement energies, making the construction of the initial guess terminate
faster. The minimization of D(s, sf) to identify the optimal free model for the Ising
Hamiltonian (5) is calculated using a local Nelder–Mead method.
Finite-size scaling. We perform the ﬁnite-size scaling according to an ansatz (4).
The parameters of the collapse were estimated using the method of ref. 48. From
the scaling ansatz (4) and for a trial set of scaling parameters gc,n and z, the scaled
values xL¼ (g gc)L1/n and yL¼DF 1=Lþ yð Þ z are calculated from each unscaled
data point g;DFð Þ. From this collection of scaled data points (xL,yL) across all L, we
implicitly deﬁne a so-called master curve that best represents them. This curve y(x)
is deﬁned around a point x as the linear regression calculated by taking the scaled
data points immediately left and right of x for each system size L. We characterize
the deviation of the scaled points (xL,yL) from the master curve y(xL) using the w2
statistic. This measure is used as the cost function for an optimization problem
over the scaling parameters gc, n, z and y, which can be solved using the same
techniques as the previous problems.
In Fig. 4a, we show DF calculated from the entanglement spectrum using
DMRG25, which extends our results from Fig. 2 in the FM case to larger system
sizes inaccessible to exact diagonalization. In Fig. 4b, we show the scaling collapse.
We obtain critical exponents n, z, which are consistent with those found with exact
diagonalization and n is consistent with known results of CFT34. There are two
differences compared with results in Fig. 2. First, with our larger sizes we become
sensitive to the upper bound of DF , which gives us yE0.025. The fact that y is
non-zero is readily apparent in the saturation behaviour visible in the unscaled data
and is demanded for consistency with an upper bound. Second, in accordance with
common practice, we perform DMRG using open boundary conditions, which
changes the non-universal function f in the scaling ansatz (4).
To verify our DMRG results we compare DF obtained by DMRG and exact
diagonalization with open boundary conditions. We conﬁrm that they are in
excellent agreement, as shown in Fig. 4c. Between iterations in DMRG, the ground
state is approximated by retaining a reduced number of entanglement states. They
correspond to the greatest Schmidt weights. The interaction distance is insensitive
to these approximations inherent in DMRG, because the induced error is
comparable to the truncation error which is typically kept to be 10 14. We
demonstrate that our DMRG calculations are converged in the number of retained
states w in Fig. 4a. Close to criticality, due to the logarithmic growth in
entanglement, we need to retain more states for larger L. The result is already
converged for w¼ 64 at the largest L studied, which justiﬁes our approximation in
retaining this number of states in the ﬁnite-size scaling. It is worth noting that the
single-particle entanglement energies converge exponentially away from criticality
exponentially (as discussed in Supplementary Note 1).
Data availability. All data presented in this work are available from the
authors upon request. Statement of compliance with EPSRC policy framework on
research data: this publication is theoretical work that does not require supporting
research data.
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